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VIII. An Account of a Boof, intituled, Harmo- 
nia Menfurarum, five Analyfis Sc Synthefis 
per Rationum Sc Angulorum menfuras pro¬ 
mote : accedunt alia Opufcula Mathema- 
tica : per Ttpgerum Cotejtum. Edidit Sc auxit 
fftobertus Smith, Coll. Trin. Cantab. Sc Reg. 
Soc. Socius j Aftronomiae Sc Experimentalis 
Philofoph. poll Cotefium ProfelTor. QmtahrigU 
1722. in 4to. Proliant apud Bibliopolas 
Londinenfes. 

T H E Book confifts of three Parts. In the firft, 
called Logometria, the Author’s chief Defign is 
to fliew how that fort of Problems, which are ufually 
reduced to the Quadrature of the Hyperbola and El- 
lip fa <, may be reduced to the the Mealures of Ratio’s 
and Angles; and afterwards be folved more readily 
by the Canons of Logarithms and Sines and Tangents. 
He defines the Mealures of Ratio’s to be quantities of 
any kind, whole Magnitudes are analogous to the 
Magnitudes of the Ratio’s to be mealured. In this 
Senle any Canon of Logarithms is a Syftem of nume¬ 
ral Mealures of the Ratio’s of the abfolute Numbers to 
an Unit: The Parts of the Alymptote of the Logiltic 
Line, intercepted between its Ordinates, are a Syftem 
of Linear Mealures of the Ratio’s of thole Ordinates : 
The Areas of an Hyperbola , intercepted between its 
Ordinates to the Alymptote, are a Syftem of Plane 
Mealures of the Ratio’s of thole Ordinates : And fince 
there may be infinite Syft&ns of Mealures according 
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as various kinds of Quantities are made ufe of, foch as 
Numbers, Time, Velocity, and the like ; or accord¬ 
ing as the Meafures of any one Syftem may be all in- 
creafed or diminiffied in any given proportion; in luch 
Variety much Confafion may pcimbly arife as to the 
Kind and abfolute Magnitudes of particular Meafores, 
which happen to fall under Confideration. Our Au¬ 
thor very happily removes this Difficulty; by lhew- 
ing that the Nature of the Subject points out the Mea¬ 
fore of a certain immutable Ratio for a Modulus in all 
Syftems, whereby to determine the Kind and abfolute 
Magnitudes of all other Meafores in each Syftem. 

The firft Propdfitfoais .to: find the Meafore of any 
propofed Ratio. This he considers in a way fo fimple 
and general, as naturally leads to the Notion and De¬ 
finition of a Modulus ; namely, that it is an invariable 
Quantity in each Syftem, which bears the fame Pro¬ 
portion to the Increment of the Meafore of any pro- 
pofed Ratio, as the increafing Term of the Ratio bears 
to its own Increment. He then lhews, that the Mea- 
fore of any given Ratio is as the Modulus of the Sy¬ 
ftem, from whence it is taken : and that the Modulus 
in every Syftem is always equal to the Meafore of a 
certain determinate and immutable Ratio, which he 
therefore calls the Ratio Modularis. He lhews that 
this Ratio is exprefted by thefo Numbers 2,718x818 
&c. to 1, or by 1 to 0,3678794 &c. So that in 
Briggs's Canon the Logarithm of this Ratio is the 
Modulus of that Syftem: In the Logiftic Line the 
given Subtangent is the Modulus of that Syftem : In 
the Hyperbola the given Parallelogram, contained by 
an Ordinate to the Afymptote and the Abfoils from 
the Center, is the Modulus of that Syftem : and in 
other Syftems the Modulus is generally fome remark¬ 
able Quantity. In the focond Propofition he gives a 
% concifo 
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cdncife uncommon Method for calculating Briggs’s 
Canon of Logarithms; together with Rules for finding 
intermediate Logarithms and Numbers, even beyond 
the Limits of the Canon. In the 3d Propofition he 
conftnfots any Syftem of Mealures by a Canon of Lo¬ 
garithms; not only when the Meafure of feme one 
Ratio is given, but alfo without that Datum) by feeking 
the Modulus of the Syftem by the Rule abovemen- 
tioned. In the 4th, 5th, and 6th Propofitions he 
fquares the Hyperbola) deferibes the Logiftic Line and 
Equiangular Spiral by a Canon of Logarithms, and 
fhews fbme curious Ufes of thefe Propofitions in their 
Scholia . Take an eafy Example of the Logometrical 
Method, in the common Problem for finding the Den- 
fity of the Atmofphasre. Suppofing Gravity uniform, 
everyone knows, that if Altitudes are taken in any A- 
rithmetical Progreflion, the Denfities of the Air in 
thofe Altitudes will be in a Geometrical Progreflion ; 
that is, the Altitudes are the Mealures of the Ratio’s 
of the Denfities below and in thofe Altitudes, and lb 
the difference of any two Altitudes is the Meafure of 
the Ratio of the Denfities in thofe Altitudes. Now 
to determine the abfblute or real Magnitude of thefe 
Meafiires, the Author fhews, a priori ., that the Mo¬ 
dulus of the Syftem is the Altitude of the Atmo- 
Iphasre, when reduced every where to the fame Denfity 
as below. The Modulus therefore is given (as bear¬ 
ing the fame Proportion to the Altitude of the Mer¬ 
cury in the Barometer, as the fpecific Gravity of Mer¬ 
cury does to the fpecifick Gravity of Air) and confe- 
quently the whole Syftem is given. For fince in all 
Syftems the Mealures of the fame Ratio’s are analo¬ 
gous among themfelves ; the Logarithm of the Ratio 
of the Air’s Denfity in any two Altitudes will be to the 
Modulus of the Canon, (that is, to the Logarithm of 
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the Ratio Modularis defined above,) as the difference 
of thofe Altitudes is to the aforefaid given Altitude of 
the homogeneous Atmofphaere, „ 

He concludes the Logometria with a General Scho¬ 
lium^ containing great Variety of elegant Conftru- 
Ciions both Logometrical and Trigonometrical; fuch 
as give the Length of Curves either Geometrical or 
Mechanical; their Area’s and Centers of Gravity ; 
the Solids generated from them, and the Surfaces of 
thefe Solids; together with leveral curious Pro¬ 
blems in Natural Philofophy, concerning the At¬ 
traction of Bodies, the Denfity and Refifiance of 
Fluids, and the Trajectories of Planets. Several of 
thefe Problems have two Cafes ; one contracted by 
the Meafure of a Ratio, and the other by the Meafure 
of an Angle. The great Affinity and beautiful Har¬ 
mony of the Meafures in thefe Cafes, has given occa- 
fion to the Title of the Book. The Meafures of 
Angles are defined (juft as the Meafures of Ratio’s) to 
be Quantities of any Kind, whofe Magnitudes are 
analogous to the Magnitudes of the Angles. Such may 
be the Arcs or SeCtors of any Circle, or any other 
Quantities of Time, Velocity, or Reffftance, analo¬ 
gous to the Magnitudes of the Angles. Every Sy- 
ftem of thefe Meafures has likewife its Modulus homo¬ 
geneous to the Meafures in that Syftem, and may be 
computed by the Trigonometrical Canon of Sines and 
Tangents, juft as the Meafures of Ratio’s by the Ca¬ 
non of Logarithms ; for the given Modulus in each 
Syftem bears the fame Proportion to the Meafure of 
any given Angle, as the Radius of a Circle bears to an 
Arc which fubtends that Angle, or the fame as this 
conftant Number of Degrees S7 j‘ 1 9 S779 S i 3 ° bears to 
the Number of Degrees in the laid Angle. Upon the 
whole our Author thus expreffes himfeif, />. 3 5. “ Ex 
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“ addudis hadenus exemplis, Geometris integrum erit 
u de methodo’ noftri judicare ; quam quidem, fi pro- 
<£ ba fuerit, ulterius excolere pergent & excolendo la- 
“ tius promovebunt. Patet utique campus ampliffi- 
“ mus in quo vires iuas experiri poterunt, prasfertim fi 
c ‘ Logometrias Trigonometriam infuper adjungant, 
tc quibus miram quandam affinitatem in fe invicem 
“ euntibus intercedere notabam. Hifce quidem prim 
“ cipiis haud facile crediderim generaliora dari pofle ; 
“ cum tota Mathefis vix quicquam in univerfo fuo am- 
t£ bitu compledatur prater Angulorum & Rationum 
“ Theoriam. Neque fane commodiora fperabit, qui 
“ animadverterit effedionis facilitatem per ampliffi- 
“ mas illas, omnibufque fuis numeris abfolutas, turn 
“ Logaritnmorum, turn Sinuum & Tangentium tabm 
“ las ? quas anteceflorum noftrorum laudatiflimse 
" folertise debemus acceptas. Ut vero tanti beneficii 
“ uberior nobis exfurgat frudus, id nunc exponendum 
“ reflat, quibus artibus ad iflius modi conclufiones re- 
“ diflimi perveniatur. In hunc finem Theoremata 
“ quaedam turn Logometrica turn Trigonometr'tca ad- 
iC jeciflem, quae parata ad ufum affervo; ni conful- 
“ tius vifum eflet, quum abfque nimiis ambagibus ea 
“ tradi non pofTent, intada potius praeterire atque 
“ aliis denuo inveftiganda relinquere. 

Why the Author takes his Principles to be fb gene¬ 
ral, wifi farther appear by an Inftancb or two. In the 
Problem already mentioned he meafures the Ratio of 
the Air’s Denfities in any Altitudes, by the Altitudes 
themfelves, making ufe of the Altitude of an uniform 
Atmofphaere forth ft Modulus. So likewife when he 
confiders the Velocities acquired, and the Spaces de- 
fcribed in given Times, by a Body projeded upwards 
or downwards in a refilling Medium with any given 
Velocity; he fhews-, that the Times of Defcent, added 
A a x to 
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to a given Time, are the Meafiires of Ratio’s, to a 
given Modulus of Time, whole Terms are the Sum 
and Difference of the ultimate Velocity and 
the prefent Velocities that are acquired : that 
the Times of Afcent, taken from a given Time, 
are the Meafures of Angles, to a given Modu¬ 
lus of Time, whole Radius is to their Tangents in the 
Ratio of the ultimate Velocity to the prefent Ve¬ 
locities : and laftly, that the Spaces delcribed in De- 
lcent or Afcent, are the Meafures of Ratio’s to a given 
Modulus of Space, whofe Terms are the abfolute ac¬ 
celerating and retarding Forces arifingfrom Gravity and 
Refiftance taken together at the Beginning and End of 
thole Spaces. 

This general Account may fuffice to illuffrate what 
I am going to fay ; that fince the Magnitudes of Ra¬ 
tio’s (as well as their Terms) may be expounded by 
Quantities of any Kind, the Mathematician is at Li¬ 
berty upon all Occafions to chufe thofe which are fit- 
teft for his Purpofe; and fuch are they without doubt, 
that are put into his Hand by the Conditions of the 
Problem. He may indeed reprefent thefe Quantities 
by an Hyperbola, or any other Logometrical 'Syftem, 
were not his Purpofe anfwer’d with greater Simplicity 
by the very Syftem itfelf, which occurs in each parti¬ 
cular Problem. And the fame may belaid for the Sy- 
ftems of Angular Meafures, inftead of recurring upon 
all Occafions to Elliptical or'Circular Area’s. 

As to the Convenience of calculating from our Au¬ 
thor’s Conftru<ftions, he fhews that the Meafiires of 
any Ratio’s or Angles are always computed in the 
fame uniform Way; by taking from the Tables the 
Logarithm of the Ratio, or the Number of Degrees in 
the Angle, and then by finding a fourth Proportional 
to three given Quantities; for that will be the Meafure 
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required. The fimpleft Hyperbolic Area may indeed 
be fquared by the lame Operation taught in the Au¬ 
thor’s fourth Proportion; but the fimpleft Elliptic A- 
rea requires fomewhat more: Thole that are more 
complex in both Kinds (which generally happens) re¬ 
quire an additipnal Trouble to reduce them to the fim¬ 
pleft : to Iquare them by infinite Series is Hill more 
operole, and does not anlwer the End of Geometry. 
Upon the whole therefore it may delerve to be conli- 
dered, for what Purpoles Ihould Problems be always 
conftrutfted by Conic Areas* unlels it be to pleale or 
aflift the Imagination. The Defign of Theoretical 
Geometry differs from Problematical; the former con- 
fifts in theDilcovery and Contemplation of the Pro¬ 
perties and Relations of Figures for the fake of naked 
Truth; but the Defign of the latter is to do lomething 
propofed,and is bell executed by the lend Apparatus of 
the former. 

The Logometria was firft publilhed by the Author 
himfelf, in the Thilofoph.Tranfatt. of the Year 1714. 
N° 3 38. But his Logometrical and Trigonometrical 
Theorems abovementioned were not publilhed till after 
his Deceale. Thele Theorems make the lecond Part 
of the Book, and are calculated to give the Fluents of 
Fluxions (reduced to 18 Forms) by Mealiires of Ratio’s 
and Angles; in fuch a manner, that any Perfon may 
perfectly comprehend their Conftrudion and Ule, 
though altogether unacquainted with Curvilinear 
Figures, as expreffed by iEquations. And this Cir- 
cumftance does allb render the Application of them 
to the Analyfis and ConftruEtion of Problems ex¬ 
tremely eafy. Of this kind the Author has given a 
oreat many choice Examples both in abffrad; and phy- 
fical Problems; which make up the third and laft Part 
of the Book. 
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The Author, a little before hisDeceafe has informed 
us (in a Letter of May 5. wrote to his Friend Mr. Jones) 
“ that Geometers had not yet, promoted the inverle 
“ Method of Fluxions, by Conic Areas, or by Mea- 
“ lures of Ratio’s and Angles, lb far as it is capable of 
“ being promoted by thole Methods. There is an 
“ infinite Field (lays he) Hill referved, which it has 
“ been my Fortune to find an Entrance into. Not to 
“ keep you longer in Sulpenle, I have found out a ge- 
<{ neral and beautiful Method by Mealures of Ratio’s 
“ and Angles for the Fluent of any Quantity which 
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“ irrational Forms of the quadratick Kind are derived 
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“ Form I deduce irrational ones of all Kinds. For in- 

“ fiance, if reprefent any affirmative or negative 

“ Fraction, the Fluent of any Quantity of this Form 
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“ theMealures of Ratio’s and Angles. Mr. Leibnitz 
“ in the Leipjic dEts of 1701, /. 218 and 219, has ve- 
w ry ralhly undertaken to demonftrate, that the Fluent 

« of -~r~4 cannot be exprefTed by Meafares of Ra- 

“ tio’s and Angles ; and he fwaggers upon the Occa- 
“ lion (according to his ulual Vanity) as having by 
“ this Demonftration determined a Queftion of the 
« greateft Moment. Then he goes on thus ; as the 

“ Fluent of—-— depends upon the Mealure of a 

X *~p £t 

'X 

“ Ratio, and the Fluent of-—r-upontheMealure 

„ xx-j-aa 

“ of an Angle; lo he had more than once exprefTed 
“ his Willies, that the Progreffion may be continued, 

“ and it be determined to what Problem the Fluents of 
/ 

“ —-— , JL -, &c. may be referred. His De- 

“ fire is anfwered in my general Solution, which 
“ contains an infinite Number of fuch Progreflions. 
“ I can go yet farther^ and Ihew him how by M'ea- 
“ lures of Ratio’s and Angles, without any Exception 
“ or Limitation, the Fluent of this general Quantity 
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« djz z __ or even this “ __ 
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« may be had ; where 0, as before, reprelents any Inte- 

« ger, and the Denominator a of the Fraction , re- 

« prefents any Number in this Series, a. 4. 8. 16. 3 i&c. 
« any whole Number being denoted by its Numerator 
« In truth I am inclined to believe, that Mr. Leib- 
“ nitz's grand Queftion ought to be determined 
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« the contrary .Way; and that it will be found at laid, 
« that the Fluent of any rational Fluxion whatever, 
“ does depend upon the Mealures of Ratio’s and 
« Angles, excepting thoft which may be had in finite 
« Terms even without introducing Mealures. 

Dr. Taylor knowing by this Letter what the Au¬ 
thor had done, was pleafed to propofe the Invention 
of the Fluents of the two laft Fluxions as a Problem 
to the Mathematicians in foreign Parts. Mr. Ber¬ 
noulli in the Letpfic A6ls of 1719.^. % 56, did ihew 
accordingly how they are reducible to Conic 
Area’s. The Editor has publifhed the Author’s own 
Solution by Mealures of Ratio’s and Angles; and upon 
this Foundation has conftrutSted new Tables of Logo- 
metrical and Trigonometrical Theorems, for the Fluents 
of Fluxions reduced to 94Forms, part rational and part 
irrational. . He has like wife added general Notes upon 
the chief Difficulties in the Book, together with a Me¬ 
thod of compofing Synthetical Demonftrations ofLo- 
gometrical -and Trigonometrical Conftru&ions, i’llu- 
ftrated by various Examples. 

The firft Treatife in the Mifcellaneous JVorks is 
concerning the Ejlimation of Errors in Mixt Mathe¬ 
matic ks. It conilfts of x8 Theorems, to determine the 
Proportions among the lead; contemporary Variations 
of the Sides and Angles of Plane and Spherical Tri¬ 
angles, while any two of them remain invariable. An 
Example will ffiew their great Ufe in Aftronomy. The 
Time of the Day or Night is frequently to be deter¬ 
mined by the Altitude of fome Star. Let it then be 
propofed to find the Error, that may arife in the Time, 
from any given Error in taking the Altitude. By ap¬ 
plying the iid Theorem to the Triangle form’d by the 
Complements of the Star’s Altitude and Declination 
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and by the Complemeht of the Pole’s Elevation, the 
Author lhews, that the Variation of the Angle at the 
Pole, and confequently the Error in Time, will hie- as 
the Error in the Altitude dcre&iyp as- tl^■iSille:.■<'Gora4■ 
ple^nehc of the Pole’S Elevation'inveifely,' ahd as the 
Sine of the Star’s Azimuth from the Meridian in* 
verfely. Confequently, if the Error in the’Altitude 
be given, under a given Elevation of the Pole, the Er¬ 
ror in Time will be; reciprocally as the Sine of 
Azimuth contained by the Meridian.-and the Vertical 
which the Star is in. This Error therefore will be the 
lame, whatever be the Altitude Of the Star in the fame 
Vertical * and will be leaft when the Veradal iii at 
right Angles to the Meridian. . But will be ablolutely 
the leaft in the fame Circumftance, if the Obferver be 
under the Equator. In which Cafe, if the Error in 
the Altitude be one Minute, the Error in the Time will 
be four Seconds, If the Obferver recedes from the 
Equator towards either Pole, the Error will be in- 
creafed in the Proportion of the Radius to the Sine 
Complement of the Latitude : So that in the Latitude 
of 45 Degrees it will be 5^ Seconds, and in the Latitudes 
of 50 and 55 it will be 61 and 6\\ Seconds relpe&ively. 
If the Star be in any other vertical Oblique to the Me¬ 
ridian, the Error will ftill be increafed in the Proporti¬ 
on of the Radius to the Sine of that oblique Angle. 
Laftly, if the Error in the Altitude be either bigger or 
lefs than one Minute, the Error in Time will be big¬ 
ger or lefs in the lame Proportion. Much after the 
lame manner may the Limits of Errors be computed in 
otherCafes,which arife from the Inaccuracy of Obferva- 
tions, and from hence the molt convenient Opportu¬ 
nities for obferving are alio determined. 

The Second Treatife is concerning the 'Differential 
Method, The Author having wrote it, before he had 
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feen Sir Ifaac Newton’s Treadle upon that Subject, 
has handled it after a manner lomewhat different. 

The Title of the Third Treatife is Canonotechnia 
or concerning the Conltru&ion of Tables by Diffe¬ 
rences. It confifts of ten Propofidons, inoft admira¬ 
bly contrived for expeditious Computation of inter¬ 
mediate Terms in any given Series. The laft Propo¬ 
rtion, which contains a general Solution of the whole 
©efign, is this; ‘Eatis feriei cujufcmque terminis a- 
liquot aquidiftantibiiSy quorum intervalla fecanda 
funt in a quales quotlibetcunq-,partes,propojitum Jit 
iwvenire tcrminos interferendos. 

The Book concludes with three fmall Tra&s, con¬ 
cerning the Delcent of Bodies, the Motion of Pendu¬ 
lums in the Cycloid, and the Motion of Proje&iles, 
compoled in a very natural and eafy manner. 

The Author has Wrote lome other Pieces, yet un- 
publiih’d, which the Editor has given an Account of 
in his Preface to the Book. 

The Reader will find every Subject treated with un¬ 
common Elegance and Simplicity. 


FINIS. 
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